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Nonpremixed Periodic Flames Supported
by Heterogeneous Propellants

T. L. Jackson* and J. Buckmaster
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

The complex combustion field that is generated by burning a heterogeneous solid propellant of the kind used
in high-performance rockets is studied. We consider a propellant whose surface is one-dimensional periodic,
generating a two-dimensional combustion field. Two important parameters are the Peclet number Pe and the
solid-phase stoichiometric coefficient 3. We show that for 3 = 7, a representative value, there are essentially two
flame configurations: For small Peclet numbers, mixing between the surface and the flame is sufficient to generate
a continuous and near-uniform deflagration; for Peclet numbers of order 10 or so, each period contains a pair of
buttonlike premixed flames centered over the fuel so that there are significant holes in the combustion field over the
oxidizer. Diffusion-flame structures that are part of the combustion field play no role in generating the heat that is
conducted back to the propellant surface. Most of our calculations assume that both Lewis numbers are equal to
1 and that the solutions are steady, but time-periodic oscillating solutions are obtained for sufficiently large values

of Lewis number.

Nomenclature

= specific heat
= Damkohler number
= fraction of nominal oxidizer that is oxidizer
= fraction of binder that is fuel
= characteristic (geometric) length
Lewis number
= mass flux
= Peclet number
= heat of reaction
= scaled Z
= Burke-Schumann flame temperature for the two
%-plane problem
= wall temperature
= mass fraction of oxidizer (gas phase)
= distance normal to propellant surface
= mass fraction of fuel (gas phase)
= distance parallel to propellant surface
= Schvab-Zeldovich variable (~ mixture fraction)
= fraction of propellantthat is fuel, Fig. 2
ay = gas phase stoichiometric coefficients
= supply stoichiometricratio
= Damkohler number, De=%0
= activation energy
= heat conduction coefficient
= mass diffusion coefficient
= reactionrate
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Introduction

HIS is the third in a sequence of elementary flame studies' that
we believe can contribute to an understanding of the complex
combustion field that is generated by burning a heterogeneous solid
propellantsuch as used in high-performancerockets. We are partic-
ularly concerned with Ammonium Perchlorate (AP)-in-fuel-matrix
propellants.
Stoichiometry considerations require the AP particles to be
closely packed? and this can only be accomplished with a vari-
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ety of particle sizes. Figure 1 shows idealized arrays in which ever
smaller particles are placed in the interstices until the appropriate
volume fraction is occupied. The necessary ratio of AP volume to
fuel matrix volume is of order 10:1.

The nature of the surface of the propellant, the source of oxi-
dizer and fuel fluxes, is defined by cutting the three-dimensional
array with a surface that is nominally plane. This surface moves
as the propellant erodes, so that at one time it will be located at A
(Fig. la), at some later time at B. Clearly the surface stoichiometry
differs from the volume stoichiometry, so that there will be times
when the fluxes from a fixed area are fuel rich and times when they
are fuel lean. Because a real propellant will have a stochastic not
a periodic nature, it follows that the flux stoichiometry will vary
stochastically both in space and in time, and only in an average
sense will it have the design volumetric value. Moreover, the nature
of the flame structure will vary stochastically. There will, perhaps,
be times and places where diffusion flames supported by contigu-
ous streams of fuel and oxidizer exist and times and places where
mixing is sufficiently thorough that the local flame structure is es-
sentially that of a deflagration. In due course, three-dimensional
flame calculations are needed, and to reach that goal, we study sim-
ple two-dimensional configurations of which this is the third. Our
fourth contribution will examine the three-dimensional problem.

In Ref. 3 (a preliminary version of which was reported in Ref. 4)
we examine sandwich configurations and their axisymmetric coun-
terparts, partly motivated by the experimental studies of Price® and
his colleagues, e.g. Ref. 5. Buckmaster et al.> is concerned for the
most part with stationary solutions, but Buckmaster and Jackson®
consider a flame supported by % planes of fuel and oxidizer and
calculate the effects of a time-periodic shear flow that is applied
parallel to the propellant surface. Significant effects are found on
the instantaneousand the time-averagedheat flux to the surface, flux
that will significantly affect the regression rate.

Here we consider a plane periodic propellant (Fig. 2). The pro-
pellant surface is located at x =0 with fuel Y located in |y| < aL
and oxidizer X in aL < |y| < L. Periodic boundary conditions are
applied at |y| = L.

Each portion of the propellant surface is heated, both by conduc-
tion directly from the burning gases and by conduction through the
propellant. If the surface is hot enough, regression occurs, so that
in a frame attached to the surface there is a mass flux of solid/gas
from left to right. For a real propellant, this flux will not be uniform
in y, and the surface will not remain flat, but in our model we shall
ignore this and assign to the flux a constant value M. This is not an
approximationto be tested by an examination of the extent to which
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Fig. 2 Plane periodic propellant showing layers of oxidizer (X) and
fuel (Y).

itdiffers fromreality,but an ingredientof the model: It is to be tested
by the extent to which it gives rise to physically unrepresentative
behavior.

The equations that we shall solve in the gas phase (x > 0) are

)¢ ,
M— =pDV°X — axQ
0x
oY
Ma— =pDV?Y —ay Q2 (1)
x

where €2 is a reaction rate that we shall discuss later. No two-way
coupling between the fluid mechanics and the combustion pro-
cesses is accounted for, a model ingredient first used by Burke and
Schumann’ in their immortal contribution. However, our treatment
differs from that of Burke and Schumann in four ways: 1) we con-
sider plane, rather than axisymmetric geometry; 2) we account for
finite chemistry effects; 3) we use flux conditions at the propel-
lant surface, rather than Dirichlet conditions; 4) we preserve the
elliptic nature of the problem, retaining streamwise diffusion. The
relevance of items 3 and 4 to heterogeneouspropellant combustion
was perhaps first recognized by Nachbar and Cline® and later by Jia
and Bilger.” The boundary conditions are applied at the propellant
surface x =0 and are

oX
MX — pD— =kxM or 0
0x

oY
MY — pDa— =kyM or 0 2)
X

where the choices depend on whether the surface is oxidizeror fuel.
These simply assert that the flux of each gas-phase reactant is an
assigned fraction (kx or ky) of the total flux in the solid.

A Schvab-Zeldovich variable (essentially the mixture fraction)
is defined by

Z =X/oy) —(Y/ay) 3)
where
V4
m2 — poviz @
ox

with boundary conditionsat x =0,

at oxidizer

MZ - pDEZ =
P —(ky/ay)M  at fuel (5)

VA (kx!ax)M
0x

If we nondimensionalize Eqs. (4) and (5) using the length L as a
reference length and at the same time write

Z = (kx/ax)S 6)
they become
oS
Pe— =V?*S§ )
ox
—o: S 1 oS _ 1 at oxidizer
rEY Peox | -B at fuel ®)
where
B = axkylayky 9)

is the supply stoichiometric ratio. Here, B is significantly greater
than 1 for a realistic propellant, much more oxygen is needed than
fuel, and following the choice made in Refs. 3, 4, and 6, we shall
take 8 =7. Pe = ML/ pD is the Peclet number.

If the total fluxes are in stoichiometric proportion we have

M(l —(Z)kx _ Ox

= 10
M aky ay (102)

that is,

(I-a)a=p (10b)

correspondingto a = % when 8 =7: A thinslice of fuellies between
two thick slices of oxidizer.
Of particular interest is the stoichiometriclevel surface (SLS)

§=0 (1

It is characteristic of a diffusion flame that, for all values of the
Damkohler number greater than the quenching value, the concen-
trations of X and Y are small at the flame sheet, which accordingly,
if it exists, will lie on the surface S =0.

The location of the SLS can be determined by constructing the
Fourier series solution of the system (7) and (8). This solution is

S = Za,, cos(nmy)er* (12)
0
where
A 1 1 4n?n?
— ==—-=/1+ (13a)
Pe 2 2 Pe?
ay=—Ba+ (1l —a (13b)
-1
. A
an=—2(1+ﬂ>w[1——} : n A0 (130)
nr Pe

Note that, as x — oo,
S— ay=-aff — (1 —a)/a} (14)

which is positive if a < 1/(1 + ) (fuel lean) and is negative if
a > 1/(1 + B) (fuel rich). S contours defined by these formulas, in-
cluding the SLS, are shown in Fig. 3 for a = % and Pe =5. Note that
the SLS intersects the propellant surface at a value of |y| signifi-
cantly larger than <, the boundary between fuel and oxidizer. This
is a consequence of the stoichiometry, the demand of the reaction
for large amounts of oxidizer, which is an effect first pointed out
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Fig. 3 Level surfaces of S, including the stoichiometric level surface,
when o = % and Pe =5.

0 0.5 1 1.5
X

Fig. 4 Level surfaces of S, including the stoichiometric level surface,
when o = % and Pe = 40.

0 0.5 1 1.5 2

Fig. 5 Level surfaces of S, including the stoichiometric level surface,
when o = 0.2 and Pe = 10.

by Buckmaster et al.> and Buckmaster and Yao.* The effect dimin-
ishes with increasing Peclet number because in the limit Pe— oo
the boundary conditions (8) become

1 at oxidizer

r=0 S_{—ﬂ at fuel (15)
from which it is clear that, in the limit, S changes sign (and so
passes through 0) precisely at the fuel/oxidizer junction. However,
because of the factor 472 in the discriminant in the formula for A,
[Eq. (13a)], it takes quite large values of Peclet number to eliminate
the shift: It is noticeable even if Pe =40 (Fig. 4). For the sandwich
configuration studied by Buckmaster et al.,> the shift is more easily
eliminated.

Deviations of o from the value % lead to overventilated or under-
ventilated configurations, to use language familiar from the classical
Burke-Schumann problem. Thus, in Fig. 5 we show contours when
a=0.2 and Pe =10, an underventilated (fuel-rich) configuration.
A naive interpretation of Fig. 5 would lead to the conclusion that
the combustion field consists merely of an array of diffusion flames,
each sitting over the oxidizer, with the base of each separated from
the base of its immediate neighborby a distance of 0.6 or so. The re-
ality, however, is quite different, as our finite chemistry calculations
make clear.

Finite Chemistry Effects

To account for finite chemistry effects, we return to Egs. (1) with
the choice

Q= BXYe F/RT (16)

and add the temperature equation

oT
CM— =AV’T + QBXYe H/RT a7
X

These can be nondimensionalizedusing the length L (cf. Fig. 2) and
the temperature Q/ C,. At the same time we write X — oy X and
Y — oy Y, where

d 1
—(X,Y,T) = —=V*X,Y, LeT) + (-1, —1, +1)DXYe %7
ox Pe

(18)
where
Pe =ML/pD, Le =A/pDC,
D = (BL/M)ayay, 0 = EC,/RQ (19)
Boundary conditions (2) become
1 0X k
- =X or 0
Pe 0x oy
1 oY k
Yy - —— =L or 0 20)

and the temperature at the surface is assigned the fixed value T, .

Animportant parameter hereis the Pecletnumber. We canreason-
ably expectthatthe Pecletnumberbased ona lengthcharacteristicof
the distance between the reaction center and the propellant surface
is of order O(1), so that convection and diffusion are comparable
in the space between the flame and the surface, a standard char-
acteristic of anchored flames. This distance is known to be a few
micrometers at the high pressures at which typical rockets are oper-
ated. Because AP particle sizes vary from 2 to 100 pm, we conclude,
roughly speaking, that Pe varies from % to 20. For a Lewis number
of 1 (a choice we always make, unless explicitly stated otherwise),
we can write Pe = MLC,/A and then the representative choices'®
M =7kg/m?s, L =40 um, C,=14kJ/kgK,and 2 =0.07 J/ms K
define a Peclet number of 5.6.

We have calculated steady solutions as the late time behavior of
unsteady solutions using the method of lines, as in Ref. 3. Time
derivatives are added to the equations and an unsteady initial-value
problem is solved. Discretization in the spatial variables using a
sixth-order compact scheme'""!2 leads to a system of ordinary dif-
ferentialequationsin time, and these are solved using a low-storage,
five-stage, fourth-orderaccurate Runge-Kutta scheme.'®

It is clear from the adopted equations that ay can be specified
arbitrarily, so that ky /oy can be assigned arbitrarily. Once this as-
signment is made, kyx/ay is fixed by the choice of . This fixes
T, —T,, where T, is the adiabatic flame temperature, the tempera-
ture of a Burke-Schumann flame-sheet supported by two % planes
of propellant, defined by

T =T, + (kx/ox)(ky/oy) 1)
(kx/ox) + (ky/ay)

(This temperature is calculated in a standard way by constructing
a similarity solution dependent on the variable y/ +/x). Now the
temperature ratio (T, — T,,)/ T,, should be assigned some sensible
value corresponding to a real flame, and this determines 7,,. Alter-
nately, we can arbitrarily assign 7,, and work backwards to deter-
mine ky /oy . Thus, with the choice T,, =0.2 and (7, — T,,)/ T,, =2,
wehave T, =0.6,ky/ay =3.2,and ky/ay =3.2/7. The nondimen-
sional activation energy is taken to be 6 =107, = 6. There are then
only two free parameters, the Damkohler number and the Peclet
number. We write D = ¢%°.
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Figure 6 shows reaction-rate contours when a =0.2, Pe =10,
and §=0.1, the values that define Fig. 5. (The reaction rate is a
measure of the heat release.) Note in Fig. 6 that the solid fuel is lo-
cated in |y| < 0.2, the oxidizeris in 0.2 < |y| < 1, the configuration
is periodic in y, and a single period is shown. The strong maxima
revealed in Fig. 6 arise because of mixing between the propellant
surface and the flame, mixing that enhances the reaction rate over
that generated in a pure diffusion flame. Thus, we see that the com-
bustion field consists of a periodicarray of premixedstructures,each
of whichis centeredoverthe fuel, weak at the fuel center (y =0), and
even weaker at the oxidizercenter (| y| =1). More details are appar-
entin Fig. 7, which shows reactionextendingout to |y| =1 inbotha
weak fuel-lean premixed branchand a weak diffusion-flame branch,
the latter following the SLS of Fig. 5. Thus, there exists a tribrachial
structure of the kind familiar in unbounded edge-flame studies in
which the underlying flame is a diffusion flame,'* but here the diffu-
sion flame is so weak as to be energeticallyinsignificant. If we focus
on the portion of the combustion field for which the reaction rate is
>2 (less than % of the maximum), it corresponds to two heat pro-
ducing lenses per period, each centered at approximately |y| =0.4.
Much of the premixed structure lies on the fuel-rich side of the SLS
and, consistent with this, excess fuel lies behind it but no oxidizer
(Figs. 8a and 8b). Temperature contours are shown in Fig. 8c.

An increase in the Damkohler number drives the flame struc-
ture toward the propellantsurface and at the same time strengthens

=
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Fig. 6 Contour plot of the reaction rate for § = 0.1, Pe = 10, and o =
0.2, with contour levels 6, 5, 4, 3,2, 1, and 0.5.
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Fig. 7 Surface plot of the reaction rate for 6 = 0.1, Pe = 10, and o =
0.2.
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Fig. 8 Contour plots of the solution structure for Pe =10, o = 0.2, and
6=0.1.
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Fig. 9 Contour plot of the reaction rate for § = 0.2, Pe = 10, and o =
0.2 with contour values 8, 6, 4,2, 1, 0.5, and 0.2.

the diffusion flame at the expense of the fuel-lean premixed struc-
ture (Figs. 9 and 10). The diffusion flame then plays an important
role in heating the gases that pass into the rocket chamber, but the
heat flux to the propellant, which controls the regressionrate, arises
from the premixed structures at the edge (base) of the flame, specif-
ically the fuel-rich branch. Figure 11 is a graph of the surface heat
flux for four values of 6. For the smaller J, the distance between the
nonuniform heat source and the surface is quite large, so that the
distribution is smoothed, but for 6 =0.2 most of the heat reaches
the surface between the oxidizer/binder boundary at |y| =0.2 and
a point on the oxidizer surface, |y| =0.6. The flux over the center
of the fuel, y =0, is not insignificant, but that over the center of
the oxidizer, |y| =1, is. Of course, in reality there is an AP decom-
position flame sitting over the oxidizer that heats this part of the
propellant.

A decrease of o to 0.1 makes the overall stoichiometry fuel lean
(overventilated) so that the SLS closes at y =0 (Fig. 12). But again
this plays little role in the combustion field, which is dominated by
a premixed structure (Fig. 13d). This flame is essentially fuel-rich,
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Fig. 10 Contour plot of the reaction rate for § = 0.5, Pe = 10, and o =
0.2 with contour values 12,10, 8,6, 4, 2,1, 0.5,and 0.2.
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Fig. 11 Heat flux at the propellant surface, § = 0.1, 0.15, 0.2, and 0.5,
Pe =10,and a = 0.2.

Fig. 12 Level surfaces of S, in- e
cluding the stoichiometric level ~ oy
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despitethe overall stoichiometry (Figs. 13aand 13b). Again, a strik-
ing feature of the solution is how little of the heat generated at the
flame can reach the core of the oxidizer centered at |y| =1. This
is also true under stoichiometric conditions (o = %), when Pe =10
(Fig. 14), and is a consequence of S being significantly greater
than 1.

Decreasing the Peclet number gives rise to a greater amount of
mixing between the flame and the surface. At the same time, with the
Damkohler number fixed, the reacting structure thickens (Fig. 15).
A one-dimensional premixed structure extending over the entire
interval can be generated for small Peclet numbers, for example
Figs. 16 and 17.

A striking feature of our results is the “hole” thatappearsover the
oxidizer when the Peclet number is not small. This is a consequence
of B being greater than 1. Figure 18 shows reaction rate contours

Oxidizer (X) Temp
1
05
> 0
-0.5
-1
0 3
c)
Fuel {Y) Rate
1
0.5
> 0
05
-0.5
\9005 0.0001 1
-1 -
0 1 2 3 0 1 2 3
X X
b) d

Fig. 13 Contour plots for Pe = 10, o = 0.1, and § = 0.1 with contour
levels for the reaction rate 5,4, 3, 2, 1, and 0.5.

'

X

Fig. 14 Contour plot of the reaction rate for Pe = 10, o = 0.125, and
6 = 0.1 with contour levels 6, 5, 4, 3,2, 1, and 0.5.

-1 ¢ L L
0 0.5 1 1.5 2
X

Fig. 15 Contour plot of the reaction rate for Pe = 5, a = 0.125, and
& = 0.1 with contour levels 3.5, 3,2, 1, and 0.5.
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Fig. 16 Contour plot of the oxidizer and fuel for Pe = 1, o = 0.125,and

Fig. 17 Surface plot of the reaction rate for Pe = 1, a = 0.125, and
6=0.1.
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X
B=1, Pe=10
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Fig. 18 Contour plot of the reaction rate for various values of 3 at
stoichiometry so that = 1/(1 + 3) and § = 0.5 with contour values:
(3=7,Pe=5)5,3,2,1,0.5,and 0.2; (3=3,Pe =5) 6,5,3,2,1,0.5,and
0.2;(3=1,Pe=5)6,5,3,2,1,0.5,and 0.2;and (3 =1, Pe = 10) 11, 8, 5,
3,2,1,0.5,and 0.2.

for various values of f when « is assigned the stoichiometric value
1/(1+B). WhenB =1 (a= %), there is no distinctionbetween fuel
and oxidizer and the y—period is equal to 1. Premixed structures sit
over the points |y| = %, quite intense structures when Pe =10, and
the reaction weakening over the center of the oxidizeris identical to
the reaction weakening over the center of the fuel. However, when
B is increased, the weakening over the oxidizeris much greater than
that over the fuel.

Oscillating Flames

Itis well known that premixed flames are subjectto oscillatingin-
stabilities when an appropriate Lewis number is sufficiently large'
and that this instability is exacerbated by heat losses to a holder.!®!7
Note, in particular, that Buckmaster'” uses the same boundary con-
ditions as here, albeit in the premixed context, and this work shows
that it is possible to excite the instability even if Le =1. In exam-
ining the premixed structures that are such a significant ingredient
of the present solutions, it is natural to wonder if they might oscil-
late at certain operating conditions. This is not a matter that can be
explored in any depth in the absence of a more realistic reaction-
diffusionmodel than the presentone because the values of the trans-
port coefficients, the mass efflux from the propellant surface, and
the flame stand-off distance all play importantroles in defining any
instability. However, we thought it would be of interest to do a
few calculations with Lewis number bigger than 1, to see what that
would yield. Strong oscillations are found when Pe =1, Le =1.6,
and o = é (B =17). Stronger still are the oscillations when Le =2,
but they can be suppressed by increasing the Peclet number. Thus,
in Fig. 19, we see variations in the maximum temperature with time
for different values of Peclet number. No instability is seen when
Pe =4. Whether or not oscillations occur also depends on the value
of o In Fig. 20, we see the variations of maximum temperature for
a=0.1, 0.2, and 0.4. Oscillations are suppressed when o =0.08
and when a =0.5, far from stoichiometry, an unsurprising result
because the premixed structures are then weakened. The total heat
flux to the surface (integrated over the spatial period) can fluctuate
significantly during these oscillations (Fig. 21).
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04 : : . : . .
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time

Fig. 19 Temporal variations of maximum temperature when Le = 2,
=01, = %, and Pe =1, 3, and 3.5 (top to bottom).
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Fig. 20 Temporal variations of maximum temperature when Le = 2,
Pe=3,6=0.1,and = 0.11, 0.2, and 0.4.
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Fig. 21 Temporal variations of the total surface heat flux when Le =
2,Pe=3,6=0.1,and o =0.11,0.2, and 0.4.

Conclusions

We have described flame structures defined by a simple model
of a periodic heterogeneous propellant. These results, like those of
Buckmaster et al.> and Buckmaster and Yao* establish the impor-
tance of the Peclet number in controlling the nature of the com-
bustion field. Thus, when Peclet number is small, the flame is in-
distinguishable from a one-dimensional deflagration. This result is
intuitively unsurprising, but we also find that for Peclet numbers of
order 10, although one dimensionality is lost, premixed structures
dominate and provide the heat that, conducted back toward the pro-
pellant surface, is responsible for the regression. The importance
of edge structures in this connection is also apparent in the results
of Buckmaster et al.> and provides strong evidence justifying the
claims that Price® has made over the years of the importance of the
edge flame.

Inhomogeneities in the combustion field, variations in the di-
rection parallel to the propellant surface, are striking when realis-
tic choices are made for the reaction stoichiometry. Reaction (and,
therefore, heat generation) is concentrated over that portion of the
oxidizer that is close to the fuel, and there is a significant hole in
the flame, centered at the center of the oxidizer. This will obviously
have an impact on how the regression rate varies over the surface.
Of course, the regressionrate, which in our model is fixed, will also
be affected by the AP decomposition flame, something that we do
not consider.

There appearsto belittle if any work that addresses the questionof
whatthe importantLewis numbers are and what theirmagnitudesare
in propellant flames, althoughrecent efforts to wrestle with realistic
propellant kinetics offer promise for the future. However, we note
that there is a possibility that, should real propellants have suitable
parameter values, oscillating instabilities of the premixed structures
could occur, creatures of the Lewis numbers and the heat loss from
the structures to the propellant. In the context of our elementary
model, we are able to generate oscillations of this nature.

Finally, the preliminary explorations whose results are recorded
here and in Refs. 3, 4, and 6 need now to be enlarged to incorporate
more realistic configuration. The list of ingredients is formidable,
includingthree-dimensionaleffects, flow coupling, complex kinetic
modeling, coupling with the thermal processes in the solid, etc., but
we anticipate that progress will be made in these areas in the future.

We are of course aware that an examination of the regressionrate
defines what is sometimes called an eigenvalue problem, reflecting
thatthisrateis to be determined simultaneously with the calculation
of the combustion field in the gas and the thermal field in the solid.

The rubric eigenvalue is not a good one for the one-dimensional
problem, and it is even less appropriate for the multidimensional
problem where, in fact, the determination of the location of the
propellant surface defines a free-boundary problem. However, the
surface-averagedregressionrate is a one-dimensional concept, and
obviously simple models could be constructed in which the gas
phase calculations presented here are coupled to a solid-phase de-
scription, and this average regression is calculated. There seems
little point in doing this, however, without accounting for the heat
generated by the AP decomposition flame and without adopting
kinetic parameters that reasonably reflect real propellants.
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